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Microstructural Effects in Static and Dynamic Numerical Experiments

Bruce C. Trent
Los Alamos National Laboratory

ABSTRACT: A numerical analysis of cem~nted granular material has been
performed in order to better understand the relationship between the
individual components of a rock matrix and the macroscopic constitutive
response. A distinct element code was modified to allow interparticle
bondi:.gby incorporating appropriate elastic relationships. A modified
Griffith criterion was utilized to initiate fracture within individual
bonds. /?number of quasi-static and dynamic numerical experiments are
presented which show that realistic macroscopic behavior may be obtained
without the use of phenomenologleal formulations such as plasticity.

1 INTRODUCTION

As computer programs become more sophisticated and the boundary value
problems become more complex, better descriptions of material behavior
are required. In order to answer the question of how a material re-
sponds, we must begin to discover why the material responds ns It does.
It is no longer possible to rely solely on phenomenology to provide ac-
curate relationships without regard to the physics taking place. This iS
pa:’titularlytrue for strongly nonllncar materials such as alluvium. The
research dcscribcd in thih paper was conducted as a prclimlr):~rystep to
the formulatlcm of a general col)st.lt.utivelaw based only on mlcromcchan-
icnl (T(lt’:;idcratlons. The put-pose1s t.oshow how tllcproperties of the
indivi~lu.1]cempcmcnts of the rock matrix affect thr?ovcrnll response.
The m;iL1’rinlof interest is n ccment,cdpgranular maLcrial. Prcm]mably,

thi:;rlcscr~ptionm)IIldf’ltmaLrri~llsfi,,ch:ISnllllvlum,s;lr]d:;tor]cnnd (!vcn
gr;ll)it(?where Lhc ::1.r(:l]~thnr]dtit.if’!’n(’:;sof’th(?rork (i(*l)l?r)(ior]the pa(:k-
ill~;lrld:;tl’llctur’;il(:ll;ir-;lct(!l-i:;ti~:~(Jf’LtldK1’:l]fl:i:illdt)ol)ds.
Most (!olltl[;l]ummlnwric;llm{)(j(I,:JII:;~::i)llll’ :;(l:-t f)f’ ~)];l:{l.1(’ Ity to il(”hii!vf!

r)r)r)ljll(?;~rllrl~lil~t,lcIl(!h;lvlor.‘I’}!(!(!;l~)Illo(lrl, ~f!l)~tt’;llixrdI)y!;;lll(il{?rf!t
ill.(19”/6),~l;l:i1)1’t!rlf!xt(!ll:;i’~(’]yli::t~(jto Inorlri INII,}) :;01 I iIIIdI’()[!k..Sir)(:(!
L})IIformlll;ltloll”r{I(]IIlt”(’::III)I.()!wi)llty-llllil~ (IiI’1”4’I’III)L(.111.v(!-l’11.t111~~);Ir;I-
rrll?l,l!l.:1,]ilbl)l’jlt[ll’v[1,1[;1Ill,ly1)(’f“l’})1’f)flll(”f’(jlilll~.f!W(!l]. ‘I’tll:;rm)d(’1,
llrll’l)r’Lllll:~t.l’lyJIZlV~::II()(SIIIII,I:it,()I,t)l!Ii)t.(’f.riillI)I”OIIII;I::II:I t,.Ikill~~)l;II\~!
(lllf.lrl~fl!!f’(lt$m;ll,lf)fl.:;(’I1;lLZ(Iq’/(l)I’(!vll’u:;.;{!v!~l’,11I.tlt’ol’il:sf’ot$Itl!!l;l:lt.l(!
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quasi-static and dynamic numerical experiments will be presented. The
significance of the formation of multiple-particle clusters will be ad-
dressed in the context of observed macroscopic behavior. Finally, a sum-
mary will provide an overview and indicate where the research is going.

2 ASSUMPTIONS AND SIMPLIFICATIONS

The distinct element method is a numerical procedure for the analysis
of assemblies of particles. Cundall and Strack (1979) describe how the
code alternates between the application of a force-displacement law at
each contact point and the equations of motion that translate and rotate
each particle is space. The program used in this study was a two-dimen-
sional version of the TRLIBALcode, described by Cundall (1987). In two
dimensions the translation and rotation of twi particles may be resolved
into three modes of relative motion shokn in Figure 1 plus rigid body
motion. It is assumed that the bonding material is linear and elastic
and has boundaries parallel to the line connecting the particle centers,
It is also assumed tha. all particles are of equal size although as will
be shown later, particle clusters may have any arbitrary shape and size.

mmm
Simple Tension Rolling Torsion Shearing Torsion

Figure 1. Three modes of relative deformation in two dimensions.

The present study uas performed with bonds that were relatively weal:
with respect to the grains. This results in highly inelastic behavior at
relatively 10U stress levels, typical of weakly cemented porous alluvium.
Figure 2 is a scanning el~~tron micrograph of Yuma Alluvlum.

l)hotomicrographof”Yum;lFigure 2. ,
Alll]viumI’rom;1dI’ptJlof’IJIm.
f%l~l)lf’ic:il,lorli:+Ufi(lx.

Flg!lr(-!j. A:::illmo(lK(’-xr(!t,ry;IrId
dimllrl:;iofll{?:;:;t~orl:ll.;l:lt,::f.~rLhc
lrlL[?r[J;lr.1.i[:l(:l]olldirl~m
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2.1 The elastic restoring equations

Analytic expressions for the restoring forces and moments resulting from
the motion shown in Figure 1 were incorporated into the distinct element
code. Essentially, a special type of’contact was defined and a second
force-displacement lau was invoked such that additional forces and mo-
ments were applied to particles that were bonded together. Each bond is
defined by three dimensionless constants. The two disks shown in Figure
3 are cemented from y❑-aR to +aR with a vertical, centered crack running
from y=-BR to +BR. Only material above and below the crack contributes
to the restoring forces. The particles are separated by a distance of
26R. If E is the elastic (constrained)modulus and Au is the imposed
relative displacement, an expression for the relat
obtained by integrating the stress-strain relation
length of the bond. If a ❑ 1+6, the relation in s

F/bu a COS(U) - 1

‘ ‘w + ,aza- ,
arccos( ~ - Cos(w) )

ve stiffness may be
for a fiber over the
mple tension is:

w=arcsin(a)
.

w=arcsin(B)

Figure 4 shows the stiffness rec!uctionas a function of crack length for
different separation distances. Appropriate expressions were also ob-
tained for the other two modes ky Trent (1987) and Trent et al. (1987).
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AC= A(CJ/Ee]=— .—
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If fracture growth continues during the entire tiinestep,At, at speed d,
the ending stress can be evaluated using equaLions (2) and (3):

(4)

If On+’ exceeds the tensile strength, o , the guess was correct and the
growth is exac:ly d At. If it is less khan o! then the crack arrested at
some intermediate time and growth occurred on y for some Fraction of the

‘++ gre$ter ~han CIt
timestep. If the initial sLress is be ow o then no crack growth occurs.
However, the strain rate may force o resulting in
crack initiation.

This procedure provides exact compatibility within a timestep be-
tween the imposed strain cctnditionsand the modulus reduction which
results from fracture at a finite rate. A stress criterion for failure
was modified after Mar’golin(1984), incorporating addi~ional tensile
stress due to rolling and shear due to shearing rotations:

02 TTE
(5) 02 +

n 2(1:U) 2 2(1-U2)C

,dhereu and E are the intact material Poisson’s ratio and elastic
modulus, respectively, and T is the energy required to build a new sur-
face, a measurable mterial property. The crack radius (or length in one
dimension) is defined by the variable, c. This i:jvalid for quasi-static
ard dynanic loading. If the strain rate is high enough, stresses within
the bonding will increase above the quasi-static value. This is shown in
Figure 5 where fcrce-displacem.,ntcurves are shown for four di.?erent
loading rates. The value A = v/d 1s the ratio o! the particle velocity
to the crack speed. If che loading rate is slow (or the crack 1)opaga-
tion speed is fast) rupture is virtually instantaneous. For fast.,’r
~ates, very large internal forces can develop. The force-dlsplaclment
re!ation for a single bond is shown in Figure 6. Notice unloading begins
prior to complete fracture and the slope of the force-displacement curve
after the crack stops growing 1s the effective modulus of the damaged
material. Compressive respons~!is equivalent to undamaged material.

l“” liff,,. ,m 1, I!,m:, ,,. , ,,. !, F.,

?

,., II A. !<,, * $1.1,9,,!

l’i~:lit,l (I. I:,)t.(,t)-(ll:;l)l l~!f-m(!rlt. (’II I-V.’ I’itillf’l’‘1.If]lt.l(ll(ii::trit)ll!.iorlIll’
I’111’ll);l(iitl~,Ilrll);t(illl}’,,IIl(irt,llhltlill~.ll(~tltl,~[l~I;II’1 1( ’I P:; l)t’t’,)t$t~ l,)rl(lirl~.
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3 QUASI-STATIC NUMERICAL EXPERIMENTS

The results of the quasi-static n~unericalexperiments are given in terms
of stress-strain relationships or pressure-volumetric compaction curves,
much like the results of laboratory tests. The stress tensor must be
adjusted due to the forces of the bondiilgon the particles. An analysis
similar to Cundall and Strack (1983) was performed so that the average
stress tensor is

N mcc
(6) i.. = + 1 ZxiF

lJ
p:l C=l J

where V is the sample volume, F, is the force vector at particle contact
(or bond) c, located at x., s~ed over all contacts (and
all particles, N. The st#esses within the Donds add only
rection since their volume is relatively insignificant.

3.1 Volumetric compactiofr

A random distribution of 244 particles was generated as
Figure 7. All particles closer than one-half radius were
bonded but the internal crack length (28R) varied from 20
plete. The bond damage is reflected in the length of the
particle centers. Figure 8 shows the pressure-volumetric

bonds) m, for
a small cor-

illustrated in
assumed to be
to 907 com-
line between
strain data.

This response is typical of alluvium, showing an initial elastic response
followed bj significant permanent volume reduction. Finally, che curie
st.ffens, reflecting the mineral constituents. The total pressure is the
result of interpa,ticle contacts and the forces exerted by the bonds. At
first the pressure is due only to stresses in the bonds but as damage
takes place and particles come into contact, the interparticle forces
dominate the pressure. Figure 9 shows the final state. Bonds that are
not completely fractured form distinct clusters of two or more particles,
indicated by the numbers inside bonded grains.

/’,

I“lqllr(? H. l’r(!:;:;llr’[?-~’r)lllm~t~i(::3tr;]irl l:~kllr~ q. I;irl;il p;~r.t.i(:lc findbord

[:llr’ v!! showir)~ t,h(’ (!om~)l)l; (?rlt,:i. di:;tribllLirlrl ;IIIIi vlllsLP1’ Illlmb(?t’:].

3 .,’ :;tll’ill’ I)l?h(lvll)r’
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rates to the periodic boundaries. The mean stress was maintained at a
constar,tvallleby a numerical servo-control. The pressure-volumetric
strain and shear stress-shear strain curves ar~ shown in Figures !0 and
11. Notice the volume continues to decrease during shearin~ and the
shear stress gradually ~ncreases and levels out to a residual value.
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Figure 10. Pressure volume strain
curve for compaction and shear.
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Figure 11. Shear stress-strain curve
showing rise Lo residual strength.

The next test was identical to the first except the sample was over
consolidated by applying a high confining pressure and then reducing the
pressure to the same value as the previous case. The pressure and shear
stress curves are shown in Figures 12 and 13, respectively. Here, volume
expands in shear and the shear stress climbs to a peak value, 25% greater
than the residual value in Figure 11 before dropping to this same level.
This increase in strength and then softening behavior seems to be related
to the orientation and distribution of multiple particle clusters formed
during the over consolidation process. Overcollsolidationhad no effect
on the shear strength for particles without bonding. M~re complete in-
formation on these tests is given by Trent (1987).

Fitillrr12. 1’1.1?!+!;111’(!VOIIIIW :;t.r;litl
(’llr’vl!l.r)t.i)vPf=(I(J’l:v)lids!.il)n,
I$(ll,lx;lt.iorl,Ifl(lsh~.11.irl~.
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4 DYNAMIC NUMERICAL EXPERIMENTS

The failure criterion given in equation 6 is independent of strain rate
and the formulation of the distinct element code is inherently dynamic.
A random distribution of particles was generated by allowing new parti-
cles to settle on top of others. Figure 14 shows the initial distribu-
tion and six regions in which the average particle velocity is calculat-
ed. ‘i’beparticles were bonded together and then loaded by applying a
constanL downward (tensile) vertical velocity to the lowermost boundary
of particles. Figure 15 shows this step function and the response in
regions 2,3 and 6. Notice there is significant dispersion as the signal
moves upward. The eiastic modul~s of the bonding material was increased
by a factor of 15 and the same boundary condition applied. Figure 16
shows

- 110
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that the resulting wave is much stnonger and ~harper.
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ticae

Figure 14. Random distribution of Figure 15. Velocity histories for
particles and averaging regions. soft bonds in regions 1,2,3 and 6.

The bonds in these two experiments were infinitely strong. lf they are
allowed to break. the signal is strongly affected. Figure 17 shows the
average velocity histories in region 2 for strong, intermediate and weak
bonds. These experiments show that a signal propagat~ng through a bond-
ed, porous medium is governed by the properties of the microstruc~ure.
Additional experiments and details are given by Trent (1987).
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5 SUMMARY ANO CONCLUSIONS
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The results of several numerical experiments have been presented and in-
dicate that macroscopic Dhenomenology may be reproduced without the use
of plasticity. A generalized Griffith criterion was used in both quasi-

static anu dy~-imic regimes as tha only nonlinear faiiure mechanism. The
formation and distribution of multiple particle clusters plays an im-
portant role in determining the shear strength of porous, weakly cemenLed
granular material since the cluster distribution was sig,,ificantlydif-
ferent and more compact after overconsolidation. The stiffness and
strength of the individual bonds govern stress wave propagation charact-
eristics in this type of material. Present research is directed toward
the formulation of a general constitutive law that is based only on
micramechanical considerations.

ACKNOWLEDGMENTS

I am most grateful for the many suggestions and revie!~sof this research
by my thesis advisors, P.A. Cundall and L.C. Margolin. Funding was pro-
vided by the U.S. Department of Energy and the University of Minnesota.

REFERENCES

Cundall, P.A. 1987. Distinct element models of rock and scil structure.
In E.T. Brown (cd.) Analytical and Computational Methods in Engineer-
ing Rock Mechanics, p.129-163. London: Allen & Unwin.

Cundall, P.A. & O.D.L. Strack 1979. A discrete numerical model for gran-
ular assemblies. Geotechnique 29:47-65.

Cundall, P.A. & O.D.L. Strack 1983. Modeling of microscopic mechanisms in
granular material. In J.T. Jenkins & M. Satake (eds.) Mechanics of
gta!’u~larmaterials, p.137-149. Amsterdam: Elsevier.

F’,argolin,L,G. 1983. Elastic moduli of a cracked body. Int. J. Fracture

22:65-79.
Margolin, L.C. 1984. Generalized Griffith criterion for crack propaga-

tion. Eng. Fracture Mech, 19:s39-s4j.

Sandier, 1.S., F. Dimmagio & G.T. Baladi !976, Generalized cap model fcr
geologic materials. J. Geotech. Div. A.S.C.E. 102:683-699.

Schatz, J.F. 1976. Models of inelastic volume deformation for porous
geologic materials. in S. Cowin & M. ~arl’OLl (eds.) The ef’fects of

voids on material deformation, p.141-170. New york: Am. Sot, Mech. Eng.
Trent, B.C. The effect of micro-structure on the macroscopic behavior of
cemented granular material. Ph.D. thesis, University of Minnesota,
Minneapolis, Minnesota.

Trent, B.C., L.C. Margolin, P.A. Cundall & E.S. Gaffney 1987. Th~ micro-
mechanics of cemented granular material. In C.S. Desai et al. (eds.)
Constitutive laws for engineering materials: theory and application,
p.795-d02. New York: Elsevier.


